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1. INTRODUCTION 
In the literature on special functions one often finds applications of 
operational techniques involving various integral transforms. The Laplace 
transform and its inverse, which have indeed been exploited a great deal, 
are capable of yielding fruitful results. However, in the problem of 
augmentation of parameters of the generalized hypergeometric function 
where (A), is the usual Pochhammer symbol defined by 
(1.2) n (2) = W+n) = ( 
1, if n=O, 
m n(n+l) . . . (1+n-I), if n=l, 2, 3, . . . . 
they obviously lack in the sense that any single application of the Laplace 
transform (or its inverse) can augment only one numerator (or denomi- 
nator) parameter, since it is readily seen that (cf., e.g., [6], p. 219) 
where Re (A)>O, psq, the equality holds if Re (z) < 1; and [lot. cit., 
p. 2971 
C 
%...,%;~ 
bl, . . . . bq ; t 1 dt- 1 pF~+l , r(4 1 
where pdq+l and Re (2)>0. 
The single and double Euler transformations of the hypergeometric 
function pFg, given by RAINVILLE [ll, p. 1041, and ABDUL-HALXM and 
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AL-SALAM [l], respectively, and the double Laplace transformations, 
studied by subsequent workers (cf. [8] and [12]), do indeed provide 
alternative, but only slightly more effective, techniques for augmenting 
parameters of the rB’@ function. Recently, SEUVASTAVA and SIN~IXAL 
[la, p. 4261 discussed a double Meijer transform of the generalized hyper- 
geometric function (1.1) in the form 
1 oT oj f-l yp-l(x + y)p+W e-“(z+Y)lz KJA(x + y)/2] - pFq [ a, **a, bl, Yp’ Wyk(z+y)r . . . . q ; 1 ax dy 
a, . . . . up, d(s, a), A(& B), d(s+k+r, a+P+p f y+ l/2); 
h, ***, 4?, &+k a+/% d(s+k+r, a+p+p+ 1); 
66,t 1 ' 
where r, s, L are nonnegative integers; Re (a) >O, Re (/?) >0, Re (2)>0 
and Re (a+,!+~ f ~+1/2)>0; d(s, 0~) stands for the set of s parameters 
the pair of parameters like oc+ /l, B--P is abbreviated as oc f p, the F- 
product F(or + /?)r(ol+) as F(ol f p), and so on; and, for convenience, 
(1.6) 
In the present paper we consider a number of generalizations of the 
integral transformation (1.5) and show how these transformations would 
lead to interesting operational techniques for augmenting parameters of 
the pFq function. Indeed, we first obtain the double integral transformation 
(l-7) 
’ “’ [ 
a, *a-, 
bl, 
6a”’ tx28y2k(x+yp 
. . . . q ; 1 ax dy 
= 2a+B+0-8 r[g(oc ' * ' * + ')I B(cx, ,!?)p+68fSk+&Fq+48+4k+2r j2or+fl+o r(ol /!?+u) 
al ,..., ap, d(%,oL), d(2k$), d[s+k+r, *(a+p kp fY+c)l; 
h, . . . . b,, 4(29+2k, a+/% Ll(29+2k:+2r, n+/9+0); llrl’t ‘2 1 
where r, s, L are nonnegative integers, Re (a) > 0, Re (/l) >O, Re (1) > 0, 
Re (cx+B f p f Y+(T)>% and 
(l-8) 
We then give, in 3 3, its further generalization involving the H-function 
of Fox [7, p. 4081 defined, in a slightly modified form, by 
i; 
fp” 
D. I 
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where an empty product is interpreted as 1; m, n, p, q are integers such 
that OSmlq and OInIp; the A,, lSjSp, and B,, lgjsq, are all 
positive; the poles of the integrand in (1.9) are simple; 2’ stands for a 
suitable contour of Mellin-Barnes type which runs from -i 00 to i oo 
with indentations, if necessary, in such a manner that all the poles of 
W$-40, j= 1, . . . . m, are to the right, and those of F( 1 -cx~+ Aj[), 
j=l 9 -**, n, to the left, of 2; and the integral in (1.9) converges if 
(1.10) lw (4 I < i&t 
with 
(1.11) A= i A,- i A*+ :B,- i B,>O. 
j-1 i-n+1 i-1 i-w+1 
In the last section, we discuss some applications of the operational 
technique, provided by the integral transformation (1.7), and derive 
several generating functions and reduction formulas involving various 
special functions. 
2. DERIVATION OF FORMULA (1.7) 
By appealing to the familiar result [4, p, 1771 
(2.1) [ ~~(~+y)ti-‘yWzdy=B(aJ) ~~(z)za+Wz, 
Re (a)>O, Re (@>O; 
it is seen fairly easily that, if Re (LX) > 0, Re (j3) > 0, and if r, s, k are non- 
negative integers, then, within the domain of convergence of the resulting 
hypergeometric series, 
~rb(x,y)~-lyB-l~F~[~~: ::::~~itzz”y2X(~+y)2’] dxdy 
(2.2) = B(ol, /!3) ! 4(z) I?+@-~ 
* p++za+dp+%+m 
[ 
al, **a, aa, 4P9, &), ~(94 B) ; 
h, . . . . bq, A(%+.%, Lx+/?); 
$$ @+k+r) , 1 
where 7 is given by (1.8). 
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If, in the last formula (2.2), we let 
(2.3) 9(4 =~“qwc(w, 
and make use of the known integral [6, p. 3341 
(2.4 [ P-1 K&xx) Jqolx) oh= 28-3 &-sr[&(s & p & Y)]/r(s), 
Re (01) > 0, Re (8) > IRe @)I + IRe WI ; 
to evaluate the second member of (2.2), we shall at once arrive at the 
integral transformation (1.7) under the conditions stated already provided, 
by the principle of analytic continuation, that each side of (1.7) has a 
meaning. 
It is not difficult to verify that the Srivastava-Singhal transform (1.5) 
is contained in our result (1.7). Indeed, in view of the known relationship 
0 
112 K**(z)= ; e-, 
Legendre’s duplication formula (cf., e.g., [5], p. 5) 
(2.6) I/n F(22) = 222-l T(z) T(z+ l/2), 
and the obvious identity 
(2.7) dW,4=dh W,~[% G+1)/21, 
where m is an integer 2 0, our integral transformation (1.7) with y = & $ 
and with 1, u, 28, 21c, 2r replaced by 112, p+ 1, s, lc and r respectively, 
will immediately yield formula (1.5). The details may be left as an exercise 
for the interested reader. 
3. A FURTHER GENERALIZATION 
We begin by recalling the definition of the Mellin transform F(s) of 
a function f(z) as 
(3.1) P(s) = d{/(x) : s} = ,sm xs-l/(x) ax, 
where s is a complex number. 
If, for convenience, we abbreviate the first member of equation (1.9) by 
(3.2) Hz,” kl, 
then, by the Mellin inversion theorem (cf., e.g., [18], pp. 246-247), it 
follows from (1.9) that 
m n 
II wJ++A II w -aj--A34 
(3.3) JZ{H;;[X]:S}= :-' i-l z-s, 
?, 
n r(l-pj-Bp) n r(aj++js) 
i-m+1 i=n+1 
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provided 
(3.4) 
If we make use of the relationship (2.1) with 
(3.5) b(4=~aq$w4 
an appeal to the integral (3.3), instead of formula (2.4), will evidently 
yield the general integral transformation 
‘+-’ !/e-‘(x+Y)” H?t 
(0~1, Ad, . . . , bm -4~) 
(PI, &), . . . . (& B, ) 1 
(Yl, Cl), * * - 9 (YP, 
- tXsyk(X-ty)r (dl, &), . . . . 
w 
(dQ,DQ) 1 (ix dy 
(3.6) ( 
. 
=A-a-S-a H M+n, N+m+2 t 
P+q+% Q+r,-t 1 [ I 
(l--ol, 4, P-B, Q @I, @h), ..-, 
- 2 (/a, fW), . . . . (pm eAra), (&,Q), . . . . 
(Am, e&n), (yl, Cl), . .., (yp, QP), (kn+l, fWa+l)t . . . . (AI, WJ 
(dQ$Q), (l-01-8, 8+k), (pn+l, o&&+1), . . . . (PUP, o&j 1 ' / 
where m, n, p,, q and M, N, P, Q are integers such that O$mlq, OSnlp, 
OSMIQ, OSN$P; s, k, r and A,, 15jSp, B,, lSj_<q, Cj, IIjSP, 
DJ, 15 j 5 Q, are all positive ; conditions corresponding appropriately to 
(1.10) and (1.11) .hold; Re (&)>O, Re (B)>O and 
(3.7) El<Re (a+fi+u)<Ez, 
with &, 52 denoting, respectively, the first and last members of the 
inequality (3.4) ; and, for the sake of brevity, 
e=s+k+r, 
(3.8) &= 1 -a---(a+fi+u)B~, j=l, . . . . q, 
pj=l---((ol+b+a)Ar, j=l, . . . . p. 
Some particular cases of (3.6) are worthy of mention. It is well known 
that, when A,= 1, j= 1, . . . . r, and Bj=1, j=l, . . . . q, the H-function 
defined by (1.9) would reduce immediately to the relatively more familiar 
Q-function of MEIJER [9]. Thus, by applying the known relationships 
(cf., e.g., [5], p. 215) 
PC? [;;; y-1 1; jz] = 
g Wd 
( I 
l---1, . . . . pt.” 
l--a, 
(3.9) 
f-I md 
TP.u+l --I2 0, 1-bi, . . . . l-b, > ’ 
f-1 
(pSq or p=q+l and ]x]<l), 
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and [lot. cit., pp. 219, 2211 
(3.10) 
(3.11) 
e-ZK,(x)=jhG~!j 22 
* (I ) , v, -v 
we can easily recover formulas (1.5) and (1.7) as special cases of the 
integral transformation (3.6), which evidently is a generalization of the 
known result ([lo], p. 277, Eq. (3.2)), with the A’s, B’s, C’s and D’s 
chosen as 1, and with positive integral values of r, s and k. 
Also, since [5, p. 2211 
our formula (3.6) can easily be specialized to get the double Whittaker 
transform (2.3), p. 19 of SRIVASTAVA and JOSHI [13]. 
We remark in passing that a great many of the special functions that 
occur in problems of applied mathematics can be expressed in terms of 
Meijer’s G-function, and hence also as an H-function. Thus the operational 
technique provided by the integral transformation (3.6) would apply not 
only to the simpler special functions of mathematical physics such as 
Legendre functions, the Bessel functions J,(z) and I&), the Whittaker 
function M,,,(z), the classical orthogonal polynomials of Jacobi, Hermite, 
Laguerre, etc., which are particular cases of the generalized hypergeometric 
PFq[z] function, but also to the more involved Bessel functions K,(x) 
and Y&), the Whittaker function W,,,(z), their various combinations 
and other related functions. By making a free use of the tables given, 
for instance, on pages 215 through 222 in reference [5], one may readily 
obtain several interesting applications of the integral transformation (3.6). 
We content ourselves by illustrating, in the section that follows, the use 
of the operational techniques provided, for instance, by the integral 
transformations ( 1.4) and ( 1.7). 
4. APPLICATIONS 
In terms of the linear operator 
2a+fi+o-* T[g(, + p f )/A f v + u)] 
(4.1) 
Q2.n: { > = [ ;lor+fl+o F(0l-i /? +- a) Was 8)] -I 
. fir Ua-1 ,g-l (w + v)“Kp[rl.(u + v)] li,[n(zc + $1 { } au dv, 
20 Indagationes 
formula (1.7) with r= 0 yields 
where 
(4.3) T = t(s/A)a(k/l)=, 
8, k are nonnegative integers, Re (cx)>O, Re (p)>O, Re (A)>O, and 
Re (a + @ f ,u & v+ U) > 0, provided that both sides have a meaning. 
We also notice that 
(4.4 
and if we set 
(4.5) 
then, in general, 
provided m, n, p are integers 10 such that m+n+p is an even integer. 
In this section we apply these operational relationships to obtain linear, 
bilinear and bilateral generating functions, and certain reduction formulas, 
involving a large variety of special functions. 
4.1. Generating functions. In Bateman’s generating function for the 
classical Jacobi polynomials, viz. [ll, p. 2561 
(oF1[-;1+or;~-(x-l)t]oF1[-;1+/9;~(~tl)t] 
(4.7) 
I 
if we replace t by tuv and operate upon both sides by 
(4.8) Q?$$,*),-,, . . 
then, in view of (4.6), we shall get 
2 Wn(b)& i- p i 4% 
(4-Q) 
.~o(1+a)n(l+~)n(~(atb))n(~(a+b+l))n(c),(c+1/2)n~~8’(5)t” 
=p 
[ 
a,b, c&pfv:--;-; 
A(2, a+b), A(2, 2c): 1+a; lj-/!I; Hz-- 1) t, 4(x+- 1) t 1 , 
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where F[x, y] denotes a generalized Appell function in the contracted 
notation of BURCHNALL and CHAUNDY [2, p. 1121. 
Evidently, formula (4.9) provides a generalization of the known result 
[ll, p. 2711 
(4.10) 
I 
ngo (1 +y;J;p)n EQ‘Y4 tn 
=F4[y, 6; 1 -ior, 1-i-p; g-c-1) t, &x-f- 1) t], 
which is due to Brafman. 
A similar application of the operator (4.8) to the generating relation 
(cf., e.g., [16], p. 74) 
(4.11) 
1 
n%. (- !“,),, 
HjpJ-n) [Q, C, X] tn 
=&[A, -01, @; --a-B, 0; -t, xt], 
involving the generalized Rice polynomials 
would result in the formula 
5 m(~M~)?z(c f p zt $8 
(4.13) 
.PO(-~-B)n(~(a+h))n(:(a+b+l)),(c)R(c+1/2),~~-”.B-“)‘@,o,z]tn 
=.F 
[ 
4%b,cipuv: --ol; e; 
4(2, a+b), A(2, 2c): -a--p; 0; 
--t,xt . 1 
Formula (4.13) may be looked upon as a divergent generating function 
for the generalized Rice polynomials. Note also that, by virtue of the 
definition (4.12), this last result (4.13), with Q=O and x=(1-2)/2, can 
be rewritten as a divergent generating relation for the Jacobi polynomials 
P(a-n*8-n)(z), n= 0, 1, 2, . . . . 0 
For the classical Laguerre polynomials 
(4.14) 
we recall here the familiar generating function [ll, p. 2021 
(4.15) 
nzo& 
L~)(x)z~=(l-z)-A~P~ 
[ 
1; xz 
l+ol. - - . 
7 1 1-Z 
In this formula we first replace x by x/t, multiply both sides by t-” 
and take their inverse Laplace transforms, using formula (1.4) in con- 
junction with the definition (4.14). In the resulting formula, involving 
hypergeometric i$‘s functions on both sides, we replace x by xuv and 
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apply the operator (4.8). This evidently will lead us to the result 
-n,a,b,c&p&f ; 
1+cx, 0, Ll(2, UC-b), 3(2, 2c);x 1 Zn 1, a, b, cf p fv ; xz l+a, u, 4% a+b), 42, 2~); 1 -jy!’ 
which holds, by analytic continuation, whenever the two sides have a 
meaning. 
A repeated application of this process, using (1.4) and (4.8), will eventu- 
ally yield 
(4.17) 
2% 
P+lFg 1 
-n,oll, . . . . ap; 
n-o . fJ1,...,pP;x Zn 1
=(1---zp,+l& [ 1, w, . .. . a,; p 1, ***, p I B . - XZ -1 1-Z ’ 
a formula due to CHAUNDY [3, p. 62, Eq. (2591. Incidentally, Chaundy’s 
result (4.17) can also be proven by the principle of mathematical induction 
on p and q, using the Laplace transform (1.3) and its inverse (1.4). 
4.2. Bilinear and bilateral generating functions. Let us consider the 
bilinear generating function [ 11, p. 2121 
(4.18) 
I 
(1 -W-a exp [ - z] oF1 [ 1yR i *i-] 
= nf20 &yn W)(x) W)(y) zn, 
which is popularly known as the Hille-Hardy formula. 
Making use of the definition (4.14) in (4.18), we first replace y by y/t, 
multiply both sides by t-0 and take their inverse Laplace transforms. 
In the resulting formula, that would involve the sum 
(4.19) 1 L:)(x) lFz[-n; l+a, a; y] zn 
n-o 
on its right-hand side, we replace y by yuv and apply the operator (4.8). 
Thus we obtain the bilateral generating function 
2 Lj&yx) 7Fe[ 
-n,a,b,cfpuvY; 
n-0 1 +a, CT, 4(2, a+b), A(& 2~);’ 1 ‘” 
(4.20) -(l-2)-1-” exp [ - 5-J 
F 
a, b, c&,u&v:--;-; XYZ YZ 1 u’, A(2, a+b), A(2, 2c): 1-1-n; -; (l_’ z--1 ’ 
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which provides us with a generalization of formula (4.6), p. 1037 of 
WEISNER ([17]; cf. also [ll], p. 213). 
A similar set of operations with respect to the argument x in the last 
formula (4.20) will yield a hypergeometric function of three variables 
(4.21) 
as a bilinear generating function involving the sum 
(4.22) 
1 +a, @, A(2, a+b), A(2, 2c); 
. d’e 
-n, a’, b’, c’ & p’ f v’; 
1+a, CT, Ll(2, a’+b’), Ll(2, 2c’); y 1 zn* 
In general, this technique can be exploited to obtain bilinear generating 
relations involving series of the type 
where p, q, r, s are integers 20. The details involved are quite straight- 
forward and are, therefore, omitted. See also formula (1.6), p. 37 of 
SRTYASTAVA [ 151. 
4.3. Reduction formulas. If, in the known relationship [5, p. 1851 
(4.24) fill-- ; e; 21 oFl[- ; a; z]=& 
A(.% @l--U- 1); 
e,o,e+a--1 ; 
4.2 9 1 
we replace z by xuv and operate upon both sides by the operator in (4.8), 
we shall get our first reduction formula in the form 
F 
~1, b, c i p f v: -; --; 
A(2, a+b), A(2, 2~): e; a; “’ 1 
(4.25) 
= 83’7 
A(%e+o-11, a,b, c*p&v ; 
4.2 , e, u, ~+a- 1, A(2, a+b), A(2, 2~); 1 
where, for convergence, IzI < l/4. 
Similar applications of the operator (4.8) to the known results (3) and 
(7), p. 186 in [5] would result in the reduction formulas 
I 
F 
a,b, c&,uufv:-;-; 
A(2, a+b) A(2, 2~): e; e; ” m-Z 1 
(4.26) 
= ~2’11 
4P, 44P, b), OP, c f p f 4; 
e, d (2, e), d (4, a+b), d (4, 2~) ; 
--422 1 ’ 
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where 1.~1 <l/4, and 
F 
%b, C&p&Y: --; --; 
A(2, a-lb), A(2, 2c): @, 0; @, CT; x9 -z 
(4.27) 
1 
=15F1e 
4% e+--l), 4(2,4, J2, b), 4(2, c h p & + -- 
e,a,4(2,e),4(2,cr),4(2,e+o-l),d(4,a+b),4(4,2c); “4’ 
22 1 
respectively. 
Evidently, these processes can be iterated any ’ number of times to 
obtain more general reduction formulas for the generalized Appell functions 
of two variables. 
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